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Abstract
We give a unifying description of all inequivalent vector bundles over the 2-
dimensional sphere S2 by constructing suitable global projectors p via equivariant
maps. Each projector determines the projective module of finite type of sections
of the corresponding complex rank 1 vector bundle over S2. The canonical connec-
tion ∇ = p ◦ d is used to compute the topological charges. Transposed projectors
gives opposite values for the charges, thus showing that transposition of projectors,
although an isomorphism in K-theory, is not the identity map. Also, we construct
the partial isometry yielding the equivalence between the tangent projector (which
is trivial in K-theory) and the real form of the charge 2 projector.
This work is dedicated to Jacopo
1 Preliminaries and Introduction
Since the creation of noncommutative geometry [1, 3] finite (i.e. of finite type) pro-
jective modules as substitutes for vector bundles are increasingly being used among
(mathematical)-physicists. This substitution is based on the Serre-Swan’s theorem [12, 2]
which construct a complete equivalence between the category of (smooth) vector bundles
over a (smooth) compact manifold M and bundle maps, and the category of finite pro-
jective modules over the commutative algebra C(M) of (smooth) functions over M and
module morphisms. The space Γ(M,E) of smooth sections of a vector bundle E → M
over a compact manifold M is a finite projective module over the commutative algebra
C(M) and every finite projective C(M)-module can be realized as the module of sections
of some vector bundle over M . The correspondence was already used in [6] to give an
algebraic version of classical geometry, notably of the notions of connection and covariant
derivative. But it has been with the advent of noncommutative geometry that the equiv-
alence has received a new emphasis and has been used, among several other things, to
generalize the concept of vector bundles to noncommutative geometry and to construct
noncommutative gauge and gravity theories.
In this paper we present a finite-projective-module description of all monopoles con-
figurations on the 2-dimensional sphere S2. This will be done by constructing a suitable
global projector p ∈ M|n|+1(C(S2)), n ∈ Z being the value of the topological charge,
which determines the module of sections of the vector bundles on which monopoles live,
as the image of p in the trivial module C(S2)|n|+1 (corresponding to the trivial rank
(|n|+ 1)-vector bundle over S2).
Now, a local expression for projectors corresponding to monopoles was given in [11].
Our presentation is a global one which does not use any local chart or partition of unity.
The price we pay for this is that the projector carrying charge n is a matrix of dimension
(|n|+1)× (|n|+1) while in [11] the projectors were always 2× 2 matrices. Furthermore,
our construction is based on a unifying description in terms of global equivariant maps.
We express the projectors in terms of a more fundamental object, a vector-valued function
of basic equivariant maps. In a sense, we may say that we ‘deconstruct’ the projectors [8].
The present construction will be generalized to supergeometry in [9] where we will
report on a construction of ‘graded monopoles’ on the supersphere S2,2.
A friendly approach to modules of several kind (including finite projective) is in [7].
In the following we shall avoid writing explicitly the exterior product symbol for forms.
2 The General Construction
Let us start by briefly describing the general scheme that will be given in details in the
next Sections. Let pi : S3 → S2 be the Hopf principal fibration over the sphere S2 with
U(1) as structure group. We shall denote with BC =: C∞(S3,C) the algebra of C-valued
smooth functions on the total space S3 while AC =: C∞(S2,C) will be the algebra of C-
valued smooth functions on the base space S2. The algebra AC will not be distinguished
from its image in the algebra BC via pullback.
On C there are left actions of the group U(1) and they are labeled by an integer n ∈ Z,
1
two representations corresponding to different integers being inequivalent. Let C∞(n)(S
3,C)
denote the collection of corresponding equivariant maps:
ϕ : S3 → C , ϕ(p · w) = w−n · ϕ(p) , (2.1)
with ϕ ∈ C∞(n)(S3,C) and for any p ∈ S3, w ∈ U(1). The space C∞(n)(S3,C) is a right
module over the (pull-back of the) algebra AC. Moreover, it is well known (see for instance
[14]) that there is a module isomorphism between C∞(n)(S
3,C) and the (right) AC-module
of sections Γ∞(S3, E(n)) of the associated vector bundle E(n) = S3 ×U(1) C over S2. In
the spirit of Serre-Swan’s theorem [12], the module Γ∞(S3, E(n)) will be identified with
the image in the trivial, rank N , module (AC)N of a projector p ∈ MN (AC), the latter
being the algebra of N×N matrices with entries in AC, i.e. Γ∞(S3, E(n)) = p(AC)N . The
integer N will turn out to be given by
N = |n|+ 1. (2.2)
The bundle and the associated projector being of rank 1 (over C), the projector will be
written as a ket-bra valued function,
p = |ψ〉 〈ψ| , (2.3)
with
〈ψ| = (ψ1, . . . , ψN) , (2.4)
a specific vector-valued function on S3, thus a specific element of (BC)N , the compo-
nents being functions ψj ∈ BC , j = 1, . . . , N . The vector-valued function (2.4) will be
normalized,
〈ψ|ψ〉 = 1 , (2.5)
a fact implying that p is a projector
p2 = |ψ〉 〈ψ|ψ〉 〈ψ| = p , p† = p , (2.6)
with the symbol † denoting the adjoint. Furthermore, the normalization will also imply
that p is of rank 1 over C because
tr(p) = 〈ψ|ψ〉 = 1 . (2.7)
In fact, the right end side of (2.7) is not the number 1 but rather the constant function
1. Then a normalized integration yields the number 1 as the value for the rank of the
projector and of the associated vector bundle.
The transformation rule of the vector-valued function |ψ〉 under the right action of
an element w ∈ U(1) will be such that the projector p is invariant. Thus, its entries
are functions on the base space S2, that is they are elements of the algebra AC and
p ∈MN(AC), as it should be. Elements of (AC)N will be denoted by the symbol
||f〉〉 =
 f1...
fN
 , (2.8)
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with f1, . . . , fN , elements of AC. Then, the module isomorphism between sections and
equivariant maps will be explicitly given by,
Γ∞(S2, E(n)) ↔ C∞(n)(S3,C) ,
σ = p ||f〉〉 ↔ ϕσ =: 〈ψ|σ〉 = 〈ψ| |f〉〉 =
N∑
j=1
ψjfj , (2.9)
where we have used the explicit identification Γ∞(S2, E(n)) = p(AC)N , N = |n|+ 1.
Having the projector, we can define a canonical connection (the Grassmann connec-
tion) on the module of sections by,
∇ =: p ◦ d : Γ∞(S2, E(n)) → Γ∞(S2, E(n))⊗AC Ω1(S2,C) ,
∇σ =: ∇
(
p ||f〉〉
)
= p
(
||df〉〉+ dp ||f〉〉
)
. (2.10)
Its curvature ∇2 : Γ∞(S2, E(n))→ Γ∞(S2, E(n))⊗AC Ω2(S2,C) is found to be
∇2 = p(dp)2 . (2.11)
By means of a matrix trace, the first Chern class of the vector bundle is given as [1],
C1(p) =: − 1
2pii
tr(∇2) = − 1
2pii
tr(p(dp)2) . (2.12)
When integrated over S2 it will yield the corresponding Chern number,
c1(p) =
∫
S2
C1(p) . (2.13)
For rank 1 projectors of the form (2.3), the curvature is easily found to be given by
∇2 = p(dp)2 = |ψ〉 〈dψ|dψ〉 〈ψ| , (2.14)
and the associated Chern form and Chern number are then,
C1(p) = − 1
2pii
〈dψ|dψ〉 , c1(p) = − 1
2pii
∫
S2
〈dψ|dψ〉 . (2.15)
By taking the transpose 1 of the projector (2.3) we still get a projector,
q =: pt = |φ〉 〈φ| , (2.16)
with the transposed bra-valued functions given by,
〈φ| =:
(
|ψ〉
)t
=
〈
ψ
∣∣ = (ψ1, . . . , ψN) . (2.17)
1Since we are considering only self-adjoint idempotents, i.e. projectors, the transpose is the same as
the complex conjugate.
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That q is a projector (q2 = q = q†) of rank 1 (over C) are both consequences of the
normalization 〈φ|φ〉 = 〈ψ|ψ〉 = 1. But it turns out that the transposed projector is not
equivalent to the starting one, the corresponding topological charges differing in sign, i.e.
c1(p
t) = −c1(p) . (2.18)
As we shall see, the change in sign comes from the antisymmetry of the exterior product
for forms. Thus, transposing of projectors yields an isomorphism in K-theory which is
not the identity map.
Given the connection (2.10), the corresponding connection 1-form on the equivariant
maps, A∇ ∈ EndBC(C∞U(1)(S3,C))⊗BC Ω1(S3,C), has a very simple expression in terms of
the vector-valued function |ψ〉 [8], being just
A∇ = 〈ψ|dψ〉 . (2.19)
The associated covariant derivative is given by
∇ϕσ =: 〈ψ|∇σ〉 =
(
d+ 〈ψ|dψ〉
)
ϕσ , (2.20)
for any σ ∈ Γ∞(S2, E(n)) and where we have used the isomorphism (2.9). The connection
form (2.19) is anti-hermitian, a consequence of the normalization 〈ψ|ψ〉 = 1:
(A∇)
† =: 〈dψ|ψ〉 = −〈ψ|dψ〉 = −A∇ . (2.21)
Finally, on the ket-valued function |ψ〉 there will also be a global left action of the
unitary group SU(N) = {s | ss† = 1} which preserves the normalization,
|ψ〉 7→ |ψs〉 = s |ψ〉 , 〈ψs|ψs〉 = 1 . (2.22)
The corresponding transformed projector
ps = |ψs〉 〈ψs| = s |ψ〉 〈ψ| s† = sps† , (2.23)
is clearly equivalent to the starting one, the partial isometry being v = sp; indeed, one
finds vv† = ps and v†v = p. Furthermore, the connection 1-form is left invariant,
A∇s = 〈ψs|dψs〉 = 〈ψ| s†s |dψ〉 = A∇ . (2.24)
To obtain new (in general gauge non-equivalent) connections one should act with group
elements which do not preserve the normalization. Thus, let g ∈ GL(N ;C) act on the
ket-valued function |ψ〉 by
|ψ〉 7→ |ψg〉 =
[
〈ψ| g†g |ψ〉
]− 1
2
g |ψ〉 . (2.25)
The corresponding transformed projector
pg = |ψg〉 〈ψg| = 〈ψ| g†g |ψ〉−1 g |ψ〉 〈ψ| g† ,
= 〈ψ| g†g |ψ〉−1 gpg† (2.26)
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is again equivalent to the starting one, the partial isometry being now,
v =
[
〈ψ| g†g |ψ〉
]− 1
2
gp . (2.27)
Indeed,
vv† = 〈ψ| g†g |ψ〉−1 gpg† = pg ,
v†v = 〈ψ| g†g |ψ〉−1 pg†gp = 〈ψ| g†g |ψ〉−1 |ψ〉 〈ψ| g†g |ψ〉 〈ψ| = p . (2.28)
The associated connection 1-form is readily found to be
A∇g =: 〈ψg|dψg〉
=
1
2
〈ψ| g†g |ψ〉−1 [〈ψ| g†g |dψ〉 − 〈dψ| g†g |ψ〉] . (2.29)
Thus, if g ∈ SU(N), we get back the previous invariance of connections (2.24), while
for g ∈ GL(N) modulo SU(N) we get new, gauge non-equivalent connections on the
complex line bundle over S2 determined by the projector pg, line bundle which is (stable)
isomorphic to the one determined by the projector p.
3 The Hopf Fibration over S2
The U(1) principal fibration pi : S3 → S2 over the two dimensional sphere is explicitly
realized as follows. The total space is the three dimensional sphere
S3 = {(z0, z1) ∈ C2 , |z0|2 + |z1|2 = 1} , (3.1)
with right U(1)-action
S3 × U(1) → S3 , (z0, z1) · w = (z0w, z1w) . (3.2)
Clearly |z0w|2 + |z1w|2 = |z0|2 + |z1|2 = 1. The bundle projection pi : S3 → S2 is just the
Hopf projection and it is given by pi(z0, z1) =: (x1, x2, x3),
x1 = z0z1 + z1z0 ,
x2 = i(z0z1 − z1z0) ,
x3 = |z0|2 − |z1|2 = −1 + 2|z0|2 = 1− 2|z1|2 , (3.3)
and one checks that
∑3
µ=1(xµ)
2 = (|z0|2 + |z1|2)2 = 1 . The inversion of (3.3) gives the
basic (C-valued) invariant functions on S3,
|z0|2 = 1
2
(1 + x3) , |z1|2 = 1
2
(1− x3) , z0z1 = 1
2
(x1 − ix2) , (3.4)
a generic invariant (polynomial) function on S3 being any function of the previous vari-
ables. Later on we shall also need the volume form of S2 which turns out to be
d(vol(S2)) = x1dx2dx3 + x2dx3dx1 + x3dx1dx2 = 2i(dz0dz0 + dz1dz1) . (3.5)
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3.1 The Equivariant Maps
Irreducible representations of the group U(1) are labeled by an integer n ∈ Z, any two rep-
resentations associated with different integers being inequivalent. They can be explicitly
given as left representations on C,
ρn : U(1)× C → C , (w, c) 7→ ρn(w) · c =: wnc . (3.6)
In order to construct the corresponding equivariant maps ϕ : S3 → C we shall distinguish
between the two cases for which the integer n is negative or positive. In fact, from now on,
we shall take the integer n to be always positive and consider the two cases corresponding
to ∓n.
The equivariant maps. Case 1. −n , n ∈ N.
The generic equivariant map ϕ−n : S
3 → C is of the form
ϕ−n(z0, z1) =
n∑
k=0
(z0)
n−k(z1)
k gk(z0, z1) , (3.7)
with gk , k = 0, 1, . . . , n , generic C-valued functions on S
3 which are invariant under the
right action of U(1). Indeed,
ϕ−n((z0, z1)w) =
n∑
k=0
(z0w)
n−k(z1w)
k gk(z0w, z1w) = w
n
n∑
k=0
(z0)
n−k(z1)
k gk(z0, z1)
= ρ−n(w)
−1 · ϕ−n(z0, z1) . (3.8)
We shall think of the functions gk’s as C-valued functions on the base space S
2, namely
as elements of the algebra AC. The collection C∞(−n)(S3,C) of equivariant maps is a right
module over the (pull-back of) functions AC.
The equivariant maps. Case 2. n ∈ N.
The generic equivariant map ϕn : S
3 → C is of the form
ϕn(z0, z1) =
n∑
k=0
(z0)
n−k(z1)
k fk(z0, z1) , (3.9)
with fk , k = 0, 1, . . . , n , generic C-valued functions on S
3 which are invariant under the
right action of U(1). Indeed,
ϕn((z0, z1)w) =
n∑
k=0
(wz0)
n−k(wz1)
k fk(z0w, z1w) = w
n
n∑
k=0
(z0)
n−k(z1)
k fk(z0, z1)
= ρn(w)
−1 · ϕn(z0, z1) . (3.10)
As before, we shall think of the functions fk’s as elements of the algebra AC. And the
collection C∞(n)(S
3,C) of equivariant maps will again be a right module over AC.
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3.2 The Projectors and their Charges
We are now ready to introduce the projectors. Again we shall take the integer n to be
positive and keep separated the two cases corresponding to ∓n.
The construction of the projector. Case 1. −n , n ∈ N.
Consider the vector-valued function with (n+ 1)-components given by,
〈ψ−n| =:
(
(z0)
n, . . . ,
√(
n
k
)
(z0)
n−k(z1)
k , . . . , (z1)
n
)
, (3.11)
where (
n
k
)
=
n!
k!(n− k)! , k = 0, 1, . . . , n , (3.12)
are the binomial coefficients. The vector-valued function (3.11) is normalized,
〈ψ−n|ψ−n〉 =
n∑
k=0
(
n
k
)
(z0)
n−k(z1)
k(z0)
n−k(z1)
k = (|z0|2 + |z1|2)n = 1 . (3.13)
Then, we can construct a projector in Mn+1(AC) by
p−n =: |ψ−n〉 〈ψ−n| . (3.14)
It is clear that p−n is a projector,
p2−n =: |ψ−n〉 〈ψ−n|ψ−n〉 〈ψ−n| = |ψ−n〉 〈ψ−n| = p−n ,
p
†
−n = p−n . (3.15)
Moreover, it is of rank 1 because its trace is the constant function 1,
trp−n = 〈ψ−n|ψ−n〉 = 1 . (3.16)
The U(1)-action (3.2) will transform the vector (3.11) multiplicatively,
〈ψ−n| 7→ 〈(ψ−n)w| = wn 〈ψ−n| , ∀ w ∈ U(1) . (3.17)
As a consequence the projector p−n is invariant,
p−n 7→ (p−n)w = |(ψ−n)w〉 〈(ψ−n)w| = |ψ−n〉wnwn 〈ψ−n| = |ψ−n〉 〈ψ−n| = p−n (3.18)
(being ww = 1), and its entries are functions on the base space S2, that is they are
elements of AC as it should be. Thus, the right module of sections Γ∞(S2, E(−n)) of the
associated bundle is identified with the image of p−n in the trivial rank n + 1 module
(AC)n+1 and the module isomorphism between sections and equivariant maps is given by,
Γ∞(S2, E(−n)) ↔ C∞(−n)(S3,C) ,
σ = p−n ||g〉〉 ↔ ϕσ−n = 〈ψ−n|σ〉
ϕσ−n(z0, z1) = 〈ψ−n|
 g0...
gn
 = n∑
k=0
√(
n
k
)
(z0)
n−k(z1)
k gk(z0, z1) , (3.19)
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with g0, . . . , gn generic elements in AC. By comparison with (3.7) it is obvious that the
previous map is a module isomorphism, the extra factors
√(
n
k
)
being inessential to this
purpose since they could be absorbed in a redefinition of the functions.
The canonical connection associated with the projector p−n,
∇ = p−n ◦ d : Γ∞(S2, E(−n)) → Γ∞(S2, E(−n))⊗AC Ω1(S2,C), (3.20)
has curvature given by
∇2 = p−n(dp−n)2 = |ψ−n〉 〈dψ−n|dψ−n〉 〈ψ−n| . (3.21)
The corresponding Chern number is
c1(p−n) =: − 1
2pii
∫
S2
tr(p−n(dp−n)
2) = − 1
2pii
∫
S2
〈dψ−n|dψ−n〉 . (3.22)
Now, a lengthy but straightforward computation shows that
〈dψ−n|dψ−n〉 = n(dz0dz0 + dz1dz1) = n
2i
d(vol(S2)) , (3.23)
which, when substituted in (3.22) gives,
c1(p−n) =
n
4pi
∫
S2
d(vol(S2)) =
n
4pi
4pi = n . (3.24)
The construction of the projector. Case 2. n ∈ N.
Consider the vector-valued function with (n+ 1)-components given by,
〈ψn| =:
(
(z0)
n, . . . ,
√(
n
k
)
(z0)
n−k(z1)
k , . . . , (z1)
n
)
, (3.25)
which is normalized,
〈ψn|ψn〉 =
n∑
k=0
(
n
k
)
(z0)
n−k(z1)
k(z0)
n−k(z1)
k = (|z0|2 + |z1|2)n = 1 . (3.26)
As before, a projector in Mn+1(AC) is constructed by
pn =: |ψn〉 〈ψn| . (3.27)
Indeed p2n =: |ψn〉 〈ψn|ψn〉 〈ψn| = |ψn〉 〈ψn| = pn and p†n = pn. And the projector pn is of
rank 1 because its trace is the constant function 1, trpn = 〈ψn|ψn〉 = 1.
The U(1)-action (3.2) will now transform the vector (3.25) by,
〈ψn| 7→ 〈(ψn)w| = wn 〈ψn| , ∀ w ∈ U(1) . (3.28)
As a consequence, the projector pn is invariant,
pn 7→ (pn)w = |(ψn)w〉 〈(ψn)w| = |ψn〉wnwn 〈ψn| = |ψn〉 〈ψn| = pn (3.29)
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(being ww = 1), and its entries are again functions on the base space S2, that is they are
elements of AC. Thus, also the right module of sections Γ∞(S2, E(n)) is identified with the
image of pn in the trivial rank n+ 1 module (AC)n+1. The module isomorphism between
sections and equivariant maps is now given by,
Γ∞(S2, E(n)) ↔ C∞(n)(S3,C) ,
σ = pn ||f〉〉 ↔ ϕσn = 〈ψn|σ〉
ϕσn(z0, z1) = 〈ψn|
 f0...
fn
 = n∑
k=0
√(
n
k
)
(z0)
n−k(z1)
k fk(z0, z1) , (3.30)
with f0, . . . , fn generic elements in AC. By comparison with (3.9) it is obvious that the
previous map is a module isomorphism (again the extra factors could be absorbed in a
redefinition of the functions).
The canonical connection associated with the projector pn,
∇ = pn ◦ d : Γ∞(S2, E(n)) → Γ∞(S2, E(n))⊗AC Ω1(S2,C), (3.31)
has curvature given by ∇2 = pn(dpn)2 = |ψn〉 〈dψn|dψn〉 〈ψn|, and the corresponding
Chern number is
c1(pn) =: − 1
2pii
∫
S2
tr(pn(dpn)
2) = − 1
2pii
∫
S2
〈dψn|dψn〉 . (3.32)
Now, the vector-valued functions 〈ψn| and 〈ψ−n| transform one into the other by the
exchange z0 ↔ z0 and z1 ↔ z1. Thus, as a consequence of the antisymmetry of the wedge
product for 1-forms one has,
〈dψn|dψn〉 = −〈dψ−n|dψ−n〉 = −n(dz0dz0 + dz1dz1) = − n
2i
d(vol(S2)) , (3.33)
which, when substituted in (3.32) gives,
c1(pn) = − n
4pi
∫
S2
d(vol(S2)) = − n
4pi
4pi = −n . (3.34)
In fact, the functions 〈ψn| and 〈ψ−n| are one the transposed of the other 2, that is,
〈ψn| = (|ψ−n〉)t =
〈
ψ−n
∣∣ , (3.35)
and the corresponding projectors are related by transposition,
pn = (p−n)
t . (3.36)
Thus, by transposing a projector we get an inequivalent one 3. This inequivalence is
a manifestation of the fact that transposing of projectors yields an isomorphism in the
reduced group K-theory group K˜(S2), which is not the identity map.
2As already remarked, in our case transposition is the same as complex conjugation.
3Unless the projector is the identity.
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Examples. Here we give the explicit projectors corresponding to the lowest values of the
charges, ±1, while in the next section we give the ones corresponding to charge ±2.
By using the definition (3.3) for the coordinate functions on S2, we find that
p−1 =
( |z|20 z1z0
z0z1 |z|21
)
=
1
2
(
1 + x3 x1 + ix2
x1 − ix2 1− x3
)
,
p1 =
( |z|20 z0z1
z1z0 |z|21
)
=
1
2
(
1 + x3 x1 − ix2
x1 + ix2 1− x3
)
. (3.37)
It is evident that these projectors are one the transposed (or equivalently, the complex
conjugate) of the other.
3.3 The Monopole Connections
We are now ready to construct explicitly the monopole connections. The connection
1-forms (2.19) associated with the projectors p∓n are given by
A∓n = 〈ψ∓n|dψ∓n〉 . (3.38)
They are anti-hermitian,
(A∓n)
† = 〈ψd∓n|ψ∓n〉 = −〈ψ∓n|dψ∓n〉 = −A∓n , (3.39)
so they are valued in iR, the Lie algebra of U(1). A straightforward computation yields
A∓n = ∓n(z0dz0 + z1dz1) = ∓nA1 , (3.40)
with
A1 = z0dz0 + z1dz1 (3.41)
the charge −1 monopole connection form [10, 14]. In [13] a local expression of the con-
nection A−n (corresponding, we recall, to charge n) was given as the pull back to S
2 of
the Hodge form of the projective space CP n. There, by thinking of the functions z0, z1
as homogeneous coordinates on S2, the vector-valued function 〈ψ−n| in (3.11) was used
to embed S2 into CP n.
Finally, the invariance (2.24) states the invariance of the connection 1-form (3.38)
under the global left action of SU(N). Gauge non-equivalent connections are obtained
by the formula (2.29),
A
g
∓n =
1
2
〈ψ∓n| g†g |ψ∓n〉−1
[
〈ψ∓n| g†g |dψ∓n〉 − 〈dψ∓n| g†g |ψ∓n〉
]
, (3.42)
with g ∈ GL(N ;C) modulo SU(N) and 〈ψ∓n| given respectively by (3.11) and (3.25).
A description of gauge theories in terms of projectors has been suggested in [4]. To
our knowledge, since then there has not been further work in this direction.
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4 The Tangent Projector vs the Charge 2 Projector
That the bundle TS2 tangent to S2, although not trivial as a bundle, is trivial in K-
theory (stable triviality) is well known [5] and it is a consequence of the fact that by
adding to TS2 the real rank 1 trivial bundle one gets the real rank 3 trivial bundle. On
the other side, it is also well known [14] that TS2 can be identified with the real form of
the complex charge 2 monopole bundle over S2. This identification is an instance of the
general result that equate the top Chern class of a complex vector bundle with the Euler
class of the real form of the bundle. We shall prove this equivalence at level of K-theory
by constructing explicitly the partial isometry between the tangent projector and the real
form of the charge 2 monopole projector. This will also show that classes which are not
trivial in complex K-theory may become trivial when translated in real K-theory.
4.1 The Tangent Projector
We shall use real cartesian coordinates (x1, x2, x3) ,
∑3
µ=1(xµ)
2 = 1, for the sphere S2
and denote with AR =: C∞(S3,R) the algebra of smooth real-valued functions on S2.
The (module of smooth sections of the) normal bundle over S2 is realized as the image,
in the trivial, real rank 3 module (AR)3, of the normal projector
pnor = |ψnor〉 〈ψnor| , 〈ψnor| = (x1, x2, x3) . (4.1)
It is clear that pnor is a projector, p
2
nor = pnor = p
†
nor, of real rank 1. Moreover, pnor is
stable (and altogether) trivial as it can be inferred by computing its Chern 4 1-form,
C1(pnor) =: − 1
2pii
tr(pnor(dpnor)
2) = − 1
2pii
〈dψnor|dψnor〉 = 0 . (4.2)
Then, the (module of smooth sections of the) tangent bundle is simply realized as the
image in (AR)3 of the tangent projector
ptan = I− pnor = I− |ψnor〉 〈ψnor| ,
=
 1− (x1)2 −x1x2 −x1x3−x1x2 1− (x2)2 −x2x3
−x1x3 −x2x3 1− (x3)2
 . (4.3)
That the tangent bundle is of real rank 2 is translated in the fact that the trace of ptan
is equal to the constant function 2, tr(ptan) = 2. The tangent bundle is stable trivial as
well since its topological charge vanishes. Indeed, by using the fact that
〈ψnor|dψnor〉 = x1dx1 + x2dx2 + x3dx3 = 0 , (4.4)
it is straightforward to find,
ptan(dptan)
2 = |dψnor〉 〈dψnor|
= dx1dx2
(
0 1 0
−1 0 0
0 0 0
)
+ dx2dx3
(
0 0 0
0 0 1
0 −1 0
)
+ dx3dx1
(
0 0 −1
0 0 0
1 0 0
)
. (4.5)
4In fact, Pontryagin for real bundles.
11
As a consequence,
C1(ptan) =: − 1
2pii
tr(ptan(dptan)
2) = − 1
2pii
tr (|dψnor〉 〈dψnor|) = 0 . (4.6)
For later convenience, we need to express the tangent projector as a sum of three
pieces. Let us then introduce the three vector fields on S2 which generate the action of
SU(2) on S2. They are given by
Vl =
3∑
j,k=0
εljk xj
∂
∂xk
, l = 1, 2, 3 . (4.7)
and clearly they are not independent; indeed,
3∑
l=0
xlVl = 0 . (4.8)
We shall write the vector fields (4.7) as vector-valued functions on S2,
〈V1| = (0,−x3, x2) , 〈V2| = (x3, 0,−x1) , 〈V3| = (−x2, x1, 0) . (4.9)
Then, it is an easy computation to show that the tangent projector can be written as,
ptan = |V1〉 〈V1|+ |V2〉 〈V2|+ |V3〉 〈V3| . (4.10)
Finally, the following properties are easily established
〈ψnor|Vl〉 = 0 , l = 1, 2, 3 .
ptan |Vl〉 = |Vl〉 , l = 1, 2, 3 .
(ptan)kl = 〈Vk|Vl〉 , k, l = 1, 2, 3 .
tr(ptan) =
3∑
l=0
〈Vl|Vl〉 = 2
3∑
µ=1
(xµ)
2 = 2 . (4.11)
4.2 The Charge 2 Projector and its Real Form
It turns out that in order to prove the equivalence we are after to, it is best to ‘change
bases’ for the equivariant functions and as a consequence to construct a charge 2 projector
which is not the same as the one given by (3.14) but it is of course equivalent to it. Let
us then consider the following vector-valued equivariant map on S3,〈
ψ˜−2
∣∣∣ = 1√
2
(
(z1)
2 − (z0)2, (z1)2 + (z0)2, 2z0z1
)
(4.12)
(we recall that the label −2 characterizes the type of representation of U(1) and that it
corresponds to charge 2 as we shall also see presently). The vector-valued function (4.12)
is normalized, 〈
ψ˜−2|ψ˜−2
〉
=
(|z|20 + |z|21)2 = 1 . (4.13)
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As a consequence, the following is a complex rank 1 projector in M3(AC),
p˜−2 =:
∣∣∣ψ˜−2〉〈ψ˜−2∣∣∣ . (4.14)
That the projector p˜−2 is equivalent to the projector p−2 given by (3.14) for the value
n = 2, is best seen by computing its topological charge. A simple computation shows that〈
dψ˜−2|dψ˜−2
〉
= 2(dz0dz0 + dz1dz1) =
1
i
d(vol(S2)) , (4.15)
which, in turns, gives
c1(p˜−2) = − 1
2pii
∫
S2
〈
dψ˜−2|dψ˜−2
〉
=
1
2pi
∫
S2
d(vol(S2)) = 2 , (4.16)
as it should be. This shows the equivalence between p˜−2 and p−2 (of course one could also
directly construct the corresponding partial isometry).
Next, we express the projector (4.14) in terms of the coordinate functions on S2. It
turns out that
p˜−2 =
1
2

1− (x1)2 −x3 − ix1x2 −ix2 − x1x3
−x3 + ix1x2 1− (x2)2 x1 + ix2x3
ix2 − x1x3 x1 − ix2x3 1− (x3)2
 . (4.17)
From the general considerations described before, the transpose of this projector would
carry charge −2.
Let us now turn to real forms. The real form (p˜−2)
R of the projector p˜−2 in (4.17) will
be a projector in M6(AR) and it is obtained by the substitution
a+ ib 7→
(
a −b
b a
)
, ∀ a, b ∈ R . (4.18)
One finds that
(p˜−2)
R =
1
2

1− (x1)2 0 −x3 x1x2 −x1x3 x2
0 1− (x1)2 −x1x2 −x3 −x2 −x1x3
−x3 −x1x2 1− (x2)2 0 x1 −x2x3
x1x2 −x3 0 1− (x2)2 x2x3 x1
−x1x3 −x2 x1 x2x3 1− (x3)2 0
x2 −x1x3 −x2x3 x1 0 1− (x3)2

.
(4.19)
That (p˜−2)
R is a projector will also be evident from the analysis of next Section.
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4.3 The Partial Isometry Between ptan and (p˜−2)R
The next step consists in expressing the projector (p˜−2)
R in (4.19) as a sum of three pieces,
just as we have done for the tangent projector in (4.10). It turns out that
(p˜−2)
R = |W1〉 〈W1|+ |W2〉 〈W2|+ |W3〉 〈W3| , (4.20)
with
〈W1| = 1√
2
(
1− (x1)2 ; 0 ; − x3 ; x1x2 ; − x1x3 ; x2
)
,
〈W2| = 1√
2
( − x1x2 ; x3 ; 0 ; − 1 + (x2)2 ; − x2x3 ; − x1) ,
〈W3| = 1√
2
( − x1x3 ; − x2 ; x1 ; x2x3 ; 1− (x3)2 ; 0) . (4.21)
These three vector-valued functions are not independent since,
3∑
l=0
xl 〈Wl| = 0 . (4.22)
There is a simple relation between the three vector-valued functions Wl in (4.21) and the
corresponding Vl in (4.7). Indeed,
u |Vl〉 = |Wl〉 , l = 1, 2, 3 , (4.23)
with the matrix-valued function u given by
u =
1√
2

0 −x3 x2
1− (x1)2 −x1x2 −x1x3
−x1x2 1− (x2)2 −x2x3
−x3 0 x1
−x2 x1 0
−x1x3 −x2x3 1− (x3)2

. (4.24)
The matrix u turns out to be the partial isometry we are looking for. A lengthy
computation shows that
u†u = ptan , uu
† = (p˜−2)
R . (4.25)
This proves the equivalence between the two projectors ptan and (p˜−2)
R and finishes the
K-theory version of the isomorphism between the tangent bundle TS2 and the real form
of the complex charge 2 monopole bundle over S2.
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